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Local  Tines  for  Vector  Functions: 

Energy  Integrals  ana  Loc?l' Growth  I'stes 

Donald  Genan  - 

Department  of  Statistics 
University  of  North  Carolina  at  Chapel  Hill 

/ 

Abstract.  Let  F:  &+Rm  ( EcRn  compact)  have  a local  time  a(x,dt),  xcRm  , and 
let  I (4))  denote  the  integral  of  <t>(s-t)  against  a(x,ds)a(x,dt)dx;  here  <J>  is 
a "potential  kernel"  on  Rn  , so  that  10)  is  an  (averaged)  "energy  integral" 
for  the  distribution  a(x,dt)  of  mss  on  (teE:  F(t)=x).  We  show  that  if 
$ e L1(dt)  and  <j>  = sup  <i>n  for  a sequence  of  Fburier  transforms  of 

positive  L1- functions,  then  1(4))  is  well  approximated  by  certain  functionals 
of  the  increments  of  F.  Vfe  then  draw  the  following  conclusions  about  tne  local 
growth  and  fluctuations  of  F : if  F is  continuous,  I(4>)<°°  and  4>  is 
radial,  then  (i)  ap  Hi  | |F(s)-F(t)  i |/V(|  |s-t|  |)  = °»  a.e.  (dt)  on  E,  where 
V(e)  = (en4>(e))1^n  , and  (ii) 

[ 4>(r)rn-1dr  n = o(  sup  | |F(s)-F(t)  J |)  as  e+0. 
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V 

Introduction.  By  and  large,  the  study  of  local  times  has  been  confined  to 

probabilistic  settings,  either  as  in  Markov  processes  where  the  potential 

theoretic  and  stocliastic  analysis  are  fused,  or  as  in -[2]j,  [3],  — [7]  end  [0}, 

vdiere^teal  variable^  results  may  be  separately  developed,  but  with  an  eye  toward 

applications,  especially  to  sample  function  analysis/^  (See  the  discussion  in  §0 

of  [8]  and  the  references  therein, )^IIere  we- deal  exclusively--with  non-random 
are  e.*c.la.s<V«ty'  deaLi  witk  , ‘it  f s ! >vte ndecj 

functions/  I tore  specifically,  wo  intend  to  further  develop  the  observation  of 
S.  li.  Berman  that,  loosely,  J^the  more  regular  the  local  time,  the  more  irregular 

i 

the  function,^  by  amplifying  several  earlier  results  of  ours  and  J.  Horowitz, 

such  as:  if  a function  has  a local  time,  any '^approximate  local  modulus*®  grows 

at  least  linearly,  and  grows  faster  than  linearly  if  the  local  time  is  continuous 

in  its  >itine*'  parameter.^  See  the  comments  after  the  corollaries.) 

Let  denote  the'Borel  sets  in  (Euclidean  k- space) , Xy(dt)  be 

Lefcesgue  measure  in  RK  (just  dt  for  integration),  and  let  c^  ■ X^{Bic(o,l)}, 

B^(t j e)  being  the  open  ball  in  centered  at  t and  of  radius  e.  Further, 

let  EcB  be  bounded  and  F:  E-*R  m Borel  measurable.  The  occupation  measure  of 
n 

F is  u(B)  = An{F_1(B)},  . If  y « \x  (i.e.  XjB)  = 0 *=>  y(B)  * 0, 

Be3m  ),  then  for  each  Ae3n  , the  measure  X^{teEoA:  F(t)edx)  is  also  dominated 
by  A^(dx) , and  we  my  select  versions  a(x,A)  of  the  Radon-Nikodym  derivatives 
such  that  (i)  a(» ,A)  is  3^-measurable  for  each  AeBn  and  (ii)  a(x,°)  is  a 
finite  measure  on  Bn  Vx.  He  call  this  family  a(x,dt)  of  measures  the  local 
time  of  F because  it  represents  the  "time  spent"  by  F in  the  state  x 
during  dt. 
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By  definition,  for  any  Be8m  , AcEn  , 

U)  X^F'^BJnA}  * J ot(x,A)dx  , 

which  extends  to 

(2)  f H(t,F(t))dt  = f ( H(t,x)a(x,dt)dx 

JE  JE 

for  any  non-negative,  Borel  measurable  H on  R11  * Rm  . It  follows  that 
“(x»i'^p  = 0 for  ^ --  a.e.  x,  where  “ (teE:  F(t)=x}. 

Consider  the  measures  Ix(dsdt)  = a(x,ds)a(x,dt)  and  I(dsdt)  =<(IxCdsdt)dx 
on  6n®5n  ; the  latter  is  the  measure  H(ds,dt)  which  figures  in  [2],  For 
0 s k(s,t)  Borel  measurable,  we  write  Ix(k)  and  I(k)  for  the  corresponding 
integrals : 

(3)  I(k)  = [ I (k)dx  = f [ f k(s,t)ct(x,dt)a(x,ds)dx  . 

x JpTi  JE 

Let  <f>  be  a "potential  kernel"  on  Rn  , i.e.  cf>  is  positive  and  continuous  on 
(^/{O}  and  <f> (())=«,  and  recall  that  AeBn  is  said  to  have  "positive  ^-capacity" 
if  there  exists  a non- zero,  finite  measure  y(ds)  concentrated  on  A such  that 
<|>(s-t)  * L1(-y(ds)y(dt)) . Various  authors  (see  e.g.  [1],  [2],  [9],  [10],  [11]) 
have  considered  the  capacity  of  the  "level  sets"  for  Gaussian  (and  other) 
stochastic  processes,  and  a(x,dt)  has  been  the  natural  measure  to  use;  typically, 
one  obtains  probabilistic  conditions  for  / I(k)dP  < °°  for  some  kernel  k(s,t)  = 
d>(s-t) . See  also  the  "concluding  remark." 

To  approximate  I(k)  using  the  increments  of  F,  we  define,  for  each  e>0, 

[ k(s»tKe(F(s)-F(t))dsdt  , 

c e’  JE  *E 


(4) 


5 


where  £e(u)  = lg  £)  (u) , and  consider  the  following  question:  for  which  func- 

tions k(s,t)  does  Te(k)-*-I(k)  as  e+0?  To  see  this  nay  fail,  notice  first 
that  I i X2n  because,  with  G = {(s,t)eExE:  F(s)=F(t)},  we  have  GcB^  , 

I(GC)  * 0,  whereas  y « An  implies  that  v = y*-u  « and  hence  A2n(G)  = 
v({0})=0.  Consequently,  with  k(s,t)  = lG(s,t),  we  have  Te(lc)=0  but 


I(k)  =*  [ a2(x,E)dx  > 0 


R’ 


(Other  examples  are  easily  constructed.) 

Naturally  we  would  like  to  have  T (<J>)-»-I(<J>)  for  a wide  class  of  potential 

V* 


kernels,  for  example  for  the  Riesz  potentials  4>a(t)  = C(n,a)||t| 


a-n 


0<a<n 


(here  I(<j>),  T (d>)  stand  for  I(k),  T (lc),  k(s,t)  = 4>(s-t)  ).  Suppose  <J>  is  a 


kernel  of  "positive  type,"  i.e.  <J>eL*(dt)  and  has  a positive  Fourier  transform 


j>.  Let  be  the  Fourier  transform  of  the  measure  a(x,dt),  xeRm  . Then 


f 


. 


j.i 
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Among  other  problems,  however,  $ has  no  transform  because  ess  sup  <J>  = <» 

Lilies  4>  { L (dt) ; but  this  does  suggest  how  to  proceed. 

„ 1 
riain  result.  Let  F denote  the  class  of  functions  $ e L (An) , <K0)=«,  such 

that  4>(t)  = sup  <!>n(t)  where  ...»  <J>n  e (at)  Vn,  and  each  <j>n  is  the 

n i 

Fourier  transform  of  some  Borel  measurable  0 s f e L (dt) . For  n=l , r con- 
tains any  even  function  in  L^(dt)  which  is  convex,  continuous,  and  decreasing 
on  (0,“)  (approximate  4)  by  convex,  continuous  functions  and  use  Polya’s 
theorem).  For  n>l,  f°  also  contains  the  usual  kernels. 

Writing  just  a(x)  for  a(x,E)  and  with  = {(s,t)eExE:  ||s-t||s6), 

Theorem.  Suppose  a e L^(dx)  and  <j>  e F°°  . Then 

(5)  I((J>)  = lim  T (<J>)  = sup  T (4>)  s ® . 

e e e e 

Moreover,  if  I(4>)<~, 

(6)  lim  sup  T (4>»1a  ) = 0 . 

6+0  e e a6 

Corollaries  1 and  2 about  the  local  growth  of  F depend  on  (6) , which,  in 
turn,  rests  on  (5).  The  proof  of  the  Theorem  will  be  split  into  several  steps. 

Step  1^:  I(k)  = lim  Tc(k)  for  k continuous.  For  any  bounded,  conplex- valued 

pn  e 

g on  R , 

j f |g(s)  |a(x,ds)dx  = f |g(s)|ds<» 

Jj^m  JE  Je 

and  hence  for  Am  --  a.e.  y, 

! s(s)a(y,ds)  = lim  [ dx  f g(s)a(x,ds)  . 

Je  e cmem  JBm(y,e)  h 


Mtitu 


'*  ■ ; 


Using  (2)  and  the  fact  that  the  exceptional  set  of  y’s  has  y -measure  0,  we 


find  that,  for  Xn  --  a.e.  t, 


\ g(s)a(F(t),ds)  - lim-i^  J g(s)Ce(F(s)-F(t))ds  . 

E £ C £ E 

m 

Consequently,  for  any  f like  g, 

l(f(t)g(s))  « f dx  [ f(t){[  g(s)ci(x,ds)}a(x,dt) 

■'l^m  'E  JE 

= f(t)  | g(s)a(F(t),ds)dt  by  (2) 

= j f(t)g(s)Ce(F(s)-F(t))dsdt  , 

E e cme  E 

which  will  = lim  T£(f(t)g(s))  if  we  can  show 

e 

sup-i-  if  f(t)g(s)r  (F(s)-F(t))ds|  <•  LX(dt)  jQn  E . 

e c e JE  t 

m 

Let  Q^fx)  be  the  Hardy- Littlewood  maximal  function  for  ci(x) : 

Vx)  - sup  f a(y)dy,  xeRm  . 

e V Bm(x>r> 

If  f and  g are  bounded  by  k. 


sup m I 

'E  e c mem  'E 
m 


|f  f (t)  g (s)  E (F (s) -F (t) ) ds | dt  s k f sup-i-  f £ (F(s)-F(t))ds  dt 

JE  e Je  e ce111  J E e 

m 


k f 9a(F^)dt  = k f Qa(x)a(x)dx  , 

E V 
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which  is  finite  because  a e L (dx)  implies  c L (dx). 

Taking  f=gsl,  we  find  that  T£(l)  ■+  f ex'  . Consider  the  probability 


measures 


T (1  ) 

VB>  ■ ^OT  - W(B)  ■ • BeS2n  • 


Bi 

H;:'! 





iX.Vt  iX2*t 

Choosing  f(t)  = e , g(t)  = e , Xi,X2  e.  Rn  , we  have, 


v i.n 


ifXi.xp'Cs.t) 


IV(dsdt)  = lira  j 

e VV 


i(X1,X2)»(s,t) 
e 1 * We(dsdt)  . 


In  other  words,  the  measures  We  converge  weakly  to  W;  since  these  measures  are 
supported  on  Exj£,  which  is  compact,  we  obtain  1^  . 


Let  4>n(t)  ♦ 4>(t)  with  {4^}  as  described  above. 


Step  2 : I C4>)  s lim  T£((|>).  This  is  easy: 


I (<{))  = lim  I(<{>n)  (by  the  monotone  convergence  theorem) 
n 

- lim  lim  T£ (<J>n)  (by  1°) 
n e 

s lim  T_(4>),  since  4>  < <p  Vn  . 
e 

Next , we  introduce  the  following  finite  measures  on  8m  : 

Aj(B)  = | J 4>j(s-t)lB(F(s)-F(t))dsdt,  j-1,2,...  , 
A (3)  = | j 4>(s-t)  lB(F(s)-F(t))dsdt  , 


and  recall  that 


v(B)  = y*-y(B)  - |c  | lg (F (s) -F (t)) asdt  . 


Each  of  these  is  absolutely  continuous  with  respect  to  X^  . Let 

(y)  * (y)  » ^ (y)  » e(y)  * ^ (y) 

A A A 

and  let  iff.  , \p,  and  3 be  the  corresponding  Fourier  transforms.  For  example, 


then, 


I 


♦.M  - f elX'x  fcWdx  - f f elX-P(s)e-U-FW  (s.t)dsdt  _ 

3 V 3 Je  J E - 3 


g(y)  = l[  eiX°x  ot(x)dx|2  ;>  0 . 

J -T71 


Step  5U:  1(0)  > (2tQ 


)dy.  To  start,  0.  (A)  2 0 VX  and  j>l;  this 


follows  from  (6)  because  the  0j  3s  are  positive  definite.  By  the  dominated  con- 
vergence theorem,  for  any  XeRm  , 

H>0  = f f 0(s-t)  elX°F(^  e'lX'F<;t)dsdt  = lim  0. (X)  s 0 . 
iE  JE  j J 

2 

Next,  since  a e L (dx),  the  Parseval  relation  yields 
[ | [ e*X  x a(x)dx|2  dX  < » . 

V V 

* 1 

That  is,  0 e L (dX).  It  follows  tliat  3 has  a bounded  (and  continuous)  version, 
and  recalling  that  each  <j>j  is  bounded,  we  have,  for  any  BeB111  , 

fB  Vx)dx  “ VB)  5 H+jlLvC*)  * lUjiu  lIslLv®  • 

Tnus,  each  has  a bounded  version  and  a non-negative  Fourier  transform. 

A *1 

According  to  [4,  p.  66],  then,  ipj  e L (dX)  and  the  inversion  formula  holds  for 
V --  a.e.  y: 


^j(y)  ■ (2tt) 


»*iXoy 


(X)dX  . 


VJe  now  assume  3 and  are  bounded  and  continuous;  in  particular,  (7)  holds 
Vy.  The  continuity  of  0j  gives 
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I(4>j) 


= lim  T (<t>.) 

C*  J 


= lim 


e cme 


m 


^ (y)dy 
Bn(0,e)  3 


- ^3  CO) 


= (2tt) 


-m 


<Pj  (X)dX. 


Consequently s 


Ifo)  = lim  IfoJ 
j J 


= lin 


s (2tt) 


in  (2TT)_ni  f 

j v a 

lim  ip- 

V 3 J 


\p-(X)d\ 


(X)dX 


(by  Fatou's  lemma,  since  ^ ^ 0 ) 


= (2ir)"n  J(X)dX  . 

V 

Step  4^:  I (4>)  > sup  TcC4>) . Assume  I (<f> ) <°° . From  3^,  ip  e L^(dX)  and  xve  have 

already  seen  that  ^>0.  As  above,  then,  we  can  and  do  assume 

ip(y)  = (2ir)  n e ^ Y tj>(X)dX  Vy  . 

V 

In  particular,  \p(y)  s ^(0)  Vy,  so  that 


sup  T (<j>)  = sup  — — 
e e cne 

= iKO) 


B.  (0,e) 


^(y)dy 


= (2tt) 


■n[ 


\lj(X)dX  s I (4>) 


,ni 


Combining  2°  and  4°  we  have  (5).  As  for  (6),  we'll  assume,  for  notationa.- 
ease,  that  n=l  and  Ec[0,l];  the  proof  for  arbitrary  n and  bounded  E is 


- 
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essentially  the  same.  Writing  A7/  instead  of  , k=2,3,...  , 


k-2 

\ c \ = ,uo  (D^xDj),  Dk  = E n [i,  ^],  j=0,...,k-2  . 


i lc  i lc 

In  what  follows,  IJ  * , ipJ  ’ , etc.  refer  to  the  quantities  I,  ij>,  etc.  but  define.' 


relative  to  instead  of  E.  Now, 


sup  Te01Ai)  ^ sup  T.01^  ) 

£ iC  £ iC 

1^"  2 

= sup  1 Tp(<D) 
e j=0 

k;2  i k 
s l sup  T3>Iv(<J>) 

j=0  e 

k-2  , 

= l I3’lC(4>),  by  (5). 

j-o 


And 


Ij*k(40  = Jj  4>(s-t)I3>k(dsdt) 


= ( f 4>  (s-t)  I (dsdt) 

JDk  Dk 
3 3 


because,  for  any  E'cE,  a(x,  dtnE')  in  the  local  time  of  F restricted  to  E', 
Furthermore  4>(0)=<»  and  I (4>)<°°  together  imply  a(x,{t})=0  VteE,  for  -- 
a.e.  y,  which,  in  turn,  implies  that  I(dsdt)  has  no  atoms.  As  a result, 
i+1  i+1  i+1  i+2  j+2  i+1 


ZLk  I+i  2*1  lli  j+2  j+l  r_2  j+2 

4 k f k f ir  nr  nr  c k nr  n nr 

I3,  (4-)  = 4>dl  + 4>dl  + d>dl  + $dl, 

% Ji  Ji  ¥ V* 


from  which  it  follows  that 
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by  re-arranging  some  terns  in  the  simulation  just  above.  Finally,  putting 
D = {(t,t):  TeE}, 


Hm  sup  T (<+>»l  ) s 2 Hn  [ f <}>(s-t)I(dsdt) 
k e e Ak  k hj 

Iv 

= 2 <}>(s-t)I(dsdt)  (since  and  I(<f>)«»  ) 


because  1(D)  = [ J a2(x,{t})dx  = o. 
',,m  teE 


teE 

Remark.  As  the  proof  shows,  lin  lim  T (6  ) = I ({{>)  = lim  lim  T (<j>  ) . Suppose 

n e e n e n 

we  can  select  <*>n's  which  converge  uniformly  to  <J>  away  from  t=0,  as,  for 
example,  when  n=l  and  4>  is  convex,  etc.  as  described  before.  Then,  in  fact, 
^£.(<1^)  I (4>n)  as  e+0  uniformly  in  n if  I (cj>)<°°.  Briefly,  here's  why:  v/rite 

lTe»n)-I«n)|  S |T£.Wn)-Te(«|  * |Te(«-IC*)|  ♦ |I(*)-I(*n)|j 

given  rs>(),  the  first  righthand  tern  is  s t(l./a2J  Ve>0  and  large  n,  using  (6) 
and  the  uniform  convergence  of  the  <|>n’s;  the  second  term  is  s;  for  all  snail 
e by  (5)-.  and  of  course,  the  last  term  vanishes  as  i.-k». 

Applications.  Throughout  this  section  and  the  next  we  assume  a(x,dt)  exists  and 

a e L2(djj[).  Let  5:  (0,c°)  (0;»)  be  decreasing;  C(0+)=«>,  and  suppose  (i) 

t -*•  c(||t||),  te Rn  , belongs  to  ?°  and  (ii)  V(t)  = (tn^(t))1/m  is  increasing 
for  t>0,  with  V(0+)=0.  (For  example,  s(t)  = t Y , 0<y<n  .) 


Corollary  1.  Suppose  Ix(s)  < °°  tor  y — a.e.  xeP.1,1  . Then 
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(8) 


a-^V(CT"' 


“ Xn  — a.e.  on  E. 


Proof.  We  must  show  that  for  X — a.e.  teE:. 
n 


.-1, 


(9)  Im  [X  {B  (t,c) }]  X (seEnB  (t,e):  | |F(s)-F(t)  | |<kV(|  |s-t|  |)}  < 1 

HU  11 


Vk>0.  Denote  the  ratio  in  (9)  by  T*(k,e)  and  define  K = {xe3  fO,r):  Iv(c)*r} 

l T in  x 


and  Er  = F (Hp,  r=l,2, . . . Obviously,  H^cli^c...  , uHr  = {x:  IX(C)<“)  = H, 
and 


XjEp  - y(Hp  + y(H)  = u(Rn)  = Xn(E) 
Restricting  F to  E_  . 


;(||s-t||)a(x,ds)a(x,dt)dx  ^ cm  rn 

JE_  'E, 


m+1 


< 00 


r r 

and  therefore  we  may  even  assume  I(c)<°°  in  proving  (8).  Wow, 


TtCM)  s-^Xn{seEn3n(t,c):  | |F(s)-F(t)  | |skV(e)} 


cne 


Us«EnB  (t,e):  | |F(s)-F(t) | |skV(e)} 

^(e))*1 


■ [ CC||s-t||)  5Wf  jF(s)-F(t))ds  (since  c +), 

cn(V(£))m  JEnBn(t,e) 


Hence,  for  any  6>0  and  k=l,2,...  , 


(10) 


k» 


\v  Tt(k,£^dt  5 c TkV(e)  Ve  s 6 . 


c n ' ' 6 

■K 


Recalling  that  V(0  )=0,  (10)  leads  to 

c kf 

m 

6 e cn 
0 by  (6). 


jn 


Hm  [ Tt(k,e)dt  s Inn  Tm  T (C°1A  ) 

e 1 E (S  p Sri 
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Finally,  Fatou's  lemma  shows  that  lim  Tt(k,e)  = 0 for  A - a.e.  teE,  Vk,  and 

c 

hence  lim  Tt(k,e)  = 0 Vk,  for  A - a.e.  teE.  QED 

e 

Me  actually  foiind  that 


(11) 

If  lim  t (k,e) 
c z 

(12) 


lim  [ i\  (k,e)dt  = 0 Vk  . 
e JE  z 


exists,  (11)  then  relies  lim  t (k,e)  = 0 Vk,  a.e.  on  E,  i.e. 

e 

ap  lta  - « v - a-e- on  E • 


Vfe  don't  know,  however,  whether  (12)  is  true  assuming  only  IX(C)  < 00  y — a.e. 

The  (limiting)  case  c = constant  should  correspond  to  assuming  only  that 
a(x,dt)  is  a continuous  measure  Vx,  and  it  does:  in  [6]  for  n*=m»l,  then  in  [7] 
for  arbitrary  n,m,  we  showed  that  (12)  holds  with  V(e)  = en^n  . More  generally, 
in  fact,  suppose  a(r.,dt)  lias  a.  k-dimensional  :’mt‘girial  distribution5',  dominated 
by  A,.  > 0<k<n,  with  the  remaining -fi-k-dinensional  rarginal;  distribution  continu- 


ous; that  is,  suppose 

a(x,  BxA)  = | g(x,s,A)Ak(ds),  B«Bk  , AeBn_k 


where  g(x,s,0  is  a continuous  measure  on  Sn+k  V xeR111  , scE.  (The  case  k=0 
corresponds  to  a(x,dt)  continuous.)  Then  (12)  holds  with  V(e)  = e(n"k)/m  > 
(See  [7,  Leira  3].) 

For  our  second  application,  assume  E is  compact,  F is  continuous,  c is 
as  above,  and  let  ui(e)  be  the  modulus  of  F on  E: 


oi(e)  = sup  ( |F(s)-F(t)  1 1 , e>0. 

svtcE 
1 1 s-t | |se 


Also,  define 
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L(e)  = C(r)/ 

Jo 


, ezO; 


C({|a||)  € F°°  implies  L(e)  < «°  Ve. 


Corollary  2.  Suppose  y{x:  I (C)<°°}  > 0.  Then 


lin  rr^r  * 00 


Proof.  Choose  A c (x:  Ix (£)<«>}  such  that  AeBm  , p(A)>0,  and 

f I (?)dx  < * . 

J A x 

Let  E'  = f ^(A).  Restricting  F to  E’,  (6)  holds  with  E replaced  by  E' , 


(13)  lin  lin  -L-  f f 1B  . «(s)  C(||s-t||)5  (F(s)-F(t))dsdt  - 0. 

6 e c e 1 B*  JE’  Iinll’0J  e 

n 

3ut  the  L.H.S.  of  (13)  is 

2 r?L  Je'  V.«W  {tll5-tll)1[0,e](“(lls'tll))dsdt 

ra 

° lim  lrn  f 1 {E'nE'-s};(||s||)lr0  -i (uj(|  |s|  |))ds 

5 e s/1  \(0,S)  * LU’eJ 

by  making  the  change  of  variables  s~t+s  and  then  reversing  the  order  of  inte- 
gration. Notice  that  Xn{E'nE' -s)  -*•  An(E')  as  S-+0  and  that  Xn(E’)  = y(A)  > 0. 


As  a result, 


0 - lin  I mem  \ 

6 e ^Bn(0,6) 

Changing  to  polar  coordinates, 


?cils||n[0je](»(||s||))dS 
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0 = lin  TUT  e'(n(T(rin(5  ,(jj(e)) iufe) 

. 1H  e-nQite)T|m  , 

since  ui(0+)*O,  which  completes  the  proof. 


= inf{t>0:  w(t)>e>s 


(Note:  Here,  the  "limiting  case1’  c = constant  should  be  compared  to  Theorems  3, 
B’  of  [3].) 

Concluding  Remark.  Suppose  F lias  a differentiable,  global  modulus  \'J  (i.e. 
ws?/  ) for  which  c(t)  = n(W(t))n’‘3T/' (t)t1-n  ifc  as  above,  i.e.  tdHpeF*0  and 
C(°)  decreases  on  (0,®) . Then  it  follows  from  Corollary  2 that  I (?)  = 00  for 
u — a.e.  x.  But  this,  together  with  the  special  role  of  a(x,dt)  among  the 
measures  concentrated  on  the  U/s,  leads  cne  to  believe  that,  under  "suitable 
conditions,"  one  actually  lias  Cap  H «*  0 y — a.e. , i.e. 

' ^ X 

f f C(|| s-t I |)y(ds)Y(dt)  = ® 

for  every  non- trivial  probability  measure  carried  by  . 

Generalizing  a result  of  Kahane,  Adler  [1]  proves  that  if  F:  [0,l]n  ft*1  it 

Lipschitz  0 (i.e.  w(e)  s const,  e ) and  n-0m  2 0,  then  di..  s n-Bm  for 
for  - a.e.  x,  where  "dim"  stands  for  Hansdorff  dimension.  Suppose  that 
\,i  <K  i,e*  ct(x)>0  \i71  — a.e.  In  view  of  the  remarks  above,  Adler's  result 
might  then  follow  by  choosing  W(e)  ■ const,  x e13  (giving  ?(i)  * 
const,  x t (n  ^ ) and  the  fact  that  dim  is  the  supremum  of  the  numbers  6 

„ r 

for  which  id  has  positive  capacity  for  1 1 1 1 1 . 
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